GCXDOMSECT

NODALBOUND

CXN

UPPER BOUND ON SURFACE MEASURE OF NODAL SETS

1. EIGENFUNCTIONS IN THE COMPLEX DOMAIN

In this section we consider eigenfunctions of real analytic Riemannian manifolds. On
a real analytic Riemannian manifold (M, g) of dimension m, we analytically continue an
orthonormal basis {¢,,} of eigenfunctions,

Aggp)\j:)\? SOAJv <(ij7()0)\k>: 3k (>\0:0</\1§>\2S)7

: : : . E‘M : : : :
into the complexification M¢ of M. As recalled in §2 eigenfunctions admit analytic contin-
uations gp‘fj to a maximal uniform ’'Grauert tube’

(1.1) M, ={C € Me,/p(¢) <}
independent of \;, where the radius is measured by the Grauert tube function \/p(¢) cor-
responding to g (see §2: , GS1]). As discussed below, given the metric g there is a

relatively canonical identification of M, with a ball bundle BX C T*M, so that one may view
M. as phase space with a complex structure. The modulus squares

(1.2) 5 (O« Me — Ry

are sometimes known as Husimi functions. They are holomorphic extensions of L2-normalized
functions but are not themselves L? normalized on M,. However, as will be discussed below,
their L? norms may on the Grauert tubes (and their boundaries) can be determined. One
can then ask how the mass of the normalized Husimi function is distributed in phase space,
or how the L” norms behave.

The first motivation to analytically continue eigenfunctions is that it enables us to give a
relatively simple proof of the Donnelly-Fefferman theorem on nodal hypersurface volumes.
Let Z,, be the nodal set of an eigenfunction ¢, of eigenvalue A\?.

Theorem 1.1. Let (M, g) be a real analytic Riemannian manifold. Then, there exists con-
stants C,c > 0 depending only on (M, g) so that

A< HYY(Z,,) < O

. . [ze12,Ze15
The upper bound is based on proofs of nodal upper bounds in :Ze [2, Zel5]. The key tool
is the analytic continuation of the Poisson-wave kernel to Grauert tubes and its description
as a Fourier integral operator with complex phase. The Hausdorff measure of the complex
nodal set

(1.3) Zg, ={C € (09)c : U5, (¢) = 0}

gives an upper bound for the Hausdorff measure of the real nodal set. In the complex
domain one may use the Poincareslelang formula and a global Jensen type argument to
give the upper bound (Section g; ['he proof of the lower bound is also basegﬂg&ﬁpalytic

continuation of eigenfunctions and is a new proof due to A. Brudnyi (Section 777
1
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Analytic continuation to the complex domain gives strong compactness properties to the

sequence u; = /\i log |<,0;.C]2 of pluri-subharmonic functions. This gives rise to a new weak™
J

limit problem for eigenfu chigsaisgussed in Section @Ws possible to solve the problem
in ergodic cases (Section ; 7i and 1n integrable cases ([ZeZl]). This allows one to determine
the equidistribution of complex nodal sets in these settings, something which seems out of
reach in the real domain.

We now give background on Grauert tubes, Szego and P&igf&)rkeli%%]§5 on the analytic
continuation of eigenfunctions and the wave group following [Zel2, Zel4, Zel5].

2. (GRAUERT TUBES AND COMPLEX GEODESIC FLOW

By a theorem of Bruhat-Whitney, a real analytic Riemannian manifold M admits a com-
plexification M¢, i.e. a complex manifold into which M embeds as a totally real submanifold.
Corresponding to a real analytic metric g is a unique plurisubharmonic exhaustion function
VP on Mc (known as the Grauert tube function) satisfying two conditions (i) It satisfies
the Monge-Ampere equation (i@é\/ﬁ)” = Om,g Where 0y, is the delta function on M with
density dV} equal to the volume density of g; (ii) the Kéahler metric w, = i00p on Mc agrees
with g along M. In fact,

21) VA(Q) = 3/ O)

where r%(x,y) is the square of the distance function and r2 is its holomorphic extension
to a small neighborhood of the anti-diagonal (¢,{) in M¢ x M. In the case of flat R”,
VP(r+1i€) = 2[¢] and in general ,/p(¢) measures how far ( reaches into the complexification
of M. The open Grauert tube of radius 7 is defined by M, = {¢ € Mc, \/p(¢) < 7}. We use
the imprecise notation M¢ to denote the open complexificaiton when it is not important to
specify the radius.

The (1,1) form w = w, := i09p defines a Kihler metric on Mc. The Grauert tubes M,
are strictly pseudo-convex domains in M¢, whose boundaries M, are strictly pseudo-convex
CR manifolds. The boundary is endowed with the contact form

1
(2.2) a= 20,0|3MT = d°\/p.

1. Analytic continuation of the exponential map. The geodesic flow is a Hamiltonian
flow on T*M. In fact, there are two standard choices of the Hamiltonian. In PDE it is most
common to define the (real) homogeneous geodesic flow g* of (M, g) as the Hamiltonian flow
on T*M generated by the Hamiltonian ||, with respect to the standard Hamiltonian form
w. This Hamiltonian is real analytic on 7*M\0. In Riemannian geometry it is standard to
let the time of travel equal |€]y; this corresponds to the Hamiltonian flow of [¢]2, which is
real analytic on all of T*M. We denote its Hamiltonian flow by G*. In general, we denote
by Zp the Hamiltonian vector field of a Hamiltonian H and its flow by expt=Zy. Both of
the Hamiltonian flows

o g = exptZ,;

o G'=exptZjgs
are important in analytic continuation of the wave kernel. The exponential map is the map
exp, : T*M — M defined by exp, & = 7G*(z,§) where 7 is the standard projection.
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We denote by inj(x) the injectivity radius of (M, g) at z, i.e. the radius r of the largest ball
on which exp, : B,M — M is a diffeomorphism to its image. Since (M, g) is real analytic,
exp, t§ admits an analytic continuation in ¢ and the imaginary time exponential map

(2.3) E:B:M — Mc, E(z,€) =exp,i

is, for small enough ¢, a diffeomorphism from the ball bundle BXM of radius € in 7*M to
the Grauert tube M, in Mc. We have E*w = wpwae.where w = i00p and where wy-yy is the
canonical symplectic form; and also E*\/p = [{] , LS1]. It follows that E* conjugates
the geodesic flow on B*M to the Hamiltonian flow expt= ; of /p with respect to w, i.e.

E(g'(x,£)) = exptE jp(exp, if).

2. Maximal Grauert ‘Ei?es. A natural definition of mazimal Grauert tube is the max-
imum value of ¢ so that (2.3) is a diffeomorphism. We refer to this radius as the mazimal
geometric tube radius. But for purposes of this paper, another definition of maximality is
relevant: the maximal tube on which all eigenfunctions extend holo@%_@?ly. A closely
related definition is the maximal tube to which the Poisson kernel (5.1T) extends holomor-
phically. We refer to the radius as the mazimal analytic tube radius.

A natural question is to relate these notions of maximal Grauert tube has not been ex-
plored. We therefore define the radii more precisely:

Definition 2.1. (1) The maximal geometric tube radius 7, is the largest radius e for
which F (b_g) is a diffeomorphism.

(2) The maximal analytic tube radius 7,, M,,, C Mc is the maximal tube to which all

eigenfunctions extend holomorphically and to which the anti-diagonal U(2iT, (, () of

the Poisson kernel admits an analytic continuation.

It is possible to prove that 7, = 7,,. In §P.%Xwe sketch the proof that 7,, is the maximal
radius for which the coefficients of A, have holmorphic extensions. This radius is similar
to the geometric radius, since the leading coefficients are geometric. But the coefficients
of the first degree terms are not quite geometric in the same sense and at this time of
writing the geometric radius has not been related to the maximal domain in which A,
extends holomorphically. The proof which is based on holomorphic extensions of solutions

analytic PDE across non-characteristic hypersurfaces. We found a similar argument in

S| in the case of locally symmetric spaces but employing additional arguments.

3. Model examples. .
We consider some standard examples to clarify these analytic continuations.

(i) Complex tori:

The complexification of the torus M = R™/Z™ is M¢ = C™/Z™. The adapted complex
structure to the flat metric on M is the standard (unique) complex structure on C™. The
complexified exponential map is exp$(i€) = z := z+i&, while the distance function r(x,y) =

|z — y| extends to rc(z, w) = /(2 —w)?. Then \/p(z,2) = /(2 — Z)? = £2i[Im 2| = £2i[¢]|.
The complexified cotangent bundle is 7* M¢ = C™/Z™ x C™, and the holomorphic geodesic
flow is the entire holomorphic map

G'(¢,pe) = (C +tpe, pe)-
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S1
(ii) s” }%G"Sl] The unit sphere 27 + --- + 22, = 1 in R is complexified as the complex
quadric

St ={(z1,..-,20) €C" i 2f -+ 22 =1}
If we write z; = z; + i&;, the equations become |z|? — |{[* = 1, (x,£) = 0. The geodesic flow
G'(x,&) = (cost|&])x + (sint\ﬁ])%, —[€](sint|¢])x + (cost|E])€) on T*S™ complexifies to
¢ _ : W
Gz, W) = (cost\/W-W)Z—l—(81nt\/W-W))W,

—VW - W)(sintvW - W))Z + (costvVW - W)OW), ((Z, W) € T*SE).

Here, the real cotangent bundle is the subset of T*R™*! of (x,¢) such that x € S",x-£ =0
and the complexified cotangent bundle T*SE C T*C" is the set of vectors (Z,W) : Z -
W = 0. We note that although W - W is singular at W = 0, both cos VW - W) and
VW - W)sintvW - W) are holomorphic. The Grauert tube function equals

Vp(z) =icosh™ |2]?, (2 € Sp).
It is globally well defined on S¢. The characteristic conoid is defined by cosh %\/ﬁ = cosh .

(iii)). H" The hyperboloid model of hyperbolic space is the hypersurface in R"*! defined
by
H" = {2} + 2, — 2y, = =1, 2, >0},
Then,
HE ={(z1,..c 2p01) €C 22 4022 — 22 = —1}

n

In real coordinates z; = x; + 1§, this is:

<$,1’>L - <£7€>L = —1, <.T,6>L =0

where (, ), is the Lorentz inner product of signature (n, 1). Hence the complexified hyperbolic
space is the hypersurface in C"*! given by the same equations.

We obtain Hf from Sg by the map (2, z,41) — (12, 2,+1). The complexified geodesic flow
is given for ((Z, W) € T*H™). by

GHZ,W) = (cosht\/(W,W)LZ + (sinht/(W, W)L))ﬁ,
—/ W, W) ) (sinh ty/(W, W) ) Z + (cosh t/ (W, W) ) )W).

The Grauert tube function is:

Vo(z) = cos™ (lllIZ + (€11 — )/ V2.

The radius of maximal Grauert tube ise =1 or r = 7/ V2.
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3. ANALYTIC CONTINUATION OF EIGENFUNCTIONS

A function f on a real analytic manifold M is real analytic, f € C¥(M), if and only if it
satisfies the Cauchy estimates

(3.1) |D°f(z)] < K Li*lal
for some K,L > 0. In place of lB(é%rié/@gives it is sufficient to use powers of A. In the
language of Baouendi-Goulaouic : , BG3], the Laplacian of a compact real analytic

Riemannian manifold has the property of iterates, i.e. the real analytic functions are precisely
the functions satisfying Cauchy estimates relative to A,

(3.2) C¥(M) ={ue C®M):3L >0, Vk € N, [|A%u||r2ar < LM (2k)!1}
It is classical that all of the eigenfunctions extend holomorphic to a fixed Grauert tube.

Theorem 3.1. (Morrey-Nirenberqg Theorem) Let P(x, D) be an elliptic differential operator
in Q with coefficients which are analytic in Q. If w € D'(Q) and P(x,D)u = f with f €
C¥(Q), then u € C*(Q).

The proof shows that the radius of convergence of the solution is determined by the radius
of convergence of the coefficients.
Let us consider examples of holomorphic continuations of eigenfunctions:

e On the flat torus R™/Z™, the real eigenfunctions are cos(k,z),sin(k,z) with k €
2nZ™. The complexified torus is C™/Z™ and the complexified eigenfunctions are
cos(k, (), sin(k, ¢) with { = x + €.

e On the unit sphere S™, eigenfunctions are restrictions of homogeneous harmonic
functions on R™*!. The latter extend holomorphically to holomorphic harmonic
polynomials on C™*! and restrict to holomorphic function on S

e On H™, one may use the hyperbolic plane waves e/ )b where (2, b) is the (signed)
hyperbolic distance of the horocycle passing through z and b to 0. They may be
holomorphically extended to the maximal tube of radius /4.

e On compact hyperbolic quotients H™/T", eigenfunctions can be then represented by
Helgason’s generalized Poisson integral formula R!%],

oa(2) :/e(i)‘Jrl)(Z’b)dT,\(b).
B

Here, z € D (the unit disc), B = 9D, and dT) € D'(B) is the boundary value of ¢,
taken in a weak sense along circles centered at the origin 0. To analytically continue
@y it suffices to analytically continue (z,b). Writing the latter as ((, b), we have:

(3.3) oS(0) = / (DI T, (),
B

G2 GH .
In Theorem 2 of FBGQ] and Theorem 1.2 of FBGH] it is proved that the operator A has
the iterate property if and only if, for all b > 1, each eigenfunction extends holomorphically
to some Grauert tube M, and satisfies

(3.4) sup |5 (2)] < b sup [, (2)].
zeM, reM
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The concept of Grauert was not actually used in these articles, so the relation between the
growth rate and the Grauert tube function was not stated. But it again shows that all
eigenfunctions extend to some fixed Grauert tube.

HUSIMI
1. Husimi functions. The (L*-gopmalizations of the) modulus squares (me sometimes
known as Husimi functions (after FFIWLO]) They are holomorphic extensions of L?-normalized
functions but are not themselves L? normalized on M,. However, as will be discussed below,
their L? norms may on the Grauert tubes (and their boundaries) can be determined. One
can then ask how the mass of the normalized Husimi function is distributed in phase space,
or how the LP norms behave.

One of the general problems of quantum dynamics is to determine all of the weak™ limits
of the sequence,

|05 (2)]?
15| 22012

{

Here, dy. is the natural measure on 9M, corresponding to the contact volume form on S*M.

Recall that a sequence pu,, of probability measures on a compact space X is said to co NSHSS MIERG
weak*® to a measure p if [ fdp, — [ fdp for all f € C(X). We refer to Theorem ? 7 for

the ergodic case. In the integrable case one has localization results showing that complex
zeros lie on hypersurfaces (see%l].)

d/’LE }jozl

NSZEGOSECT 4. POISSON-WAVE OPERATOR AND SZEGO PROJECTOR ON GRAUERT TUBES

In this section, we introduce the Poisson-wave operator, the Szego projector, and complex-
ified spect prgjectinons apd state some basic results on analytic continuation and growth
(Theorem A.T and Theorem E&% wThe_ theorems qn analytic continuation of the Poisson wave

% following %el? L

kernel are proved in Section , L13]. The th Sggrgrowth of complexi-
fied and&% spectral projections are proved in Section % ngg refinements sketched in

Section F"’i

1. Poisson operator and analytic Continuation of eigenfunctions. The half-wave
group of (M, g) is the unitary group U(t) = V2 generated by the square root of the
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positive Laplacian. Its Schwartz kernel is a distribution on R x M x M with the eigenfunction
expansion

e (x);(y).

M

Il
o

(4.1) Ult,xz,y) =

By the Poisson operator we mean the analytic continuation ofU(t) to positive imaginary
time,

(4.2) e VA = Ulir).

The eigenfunction expansion then converges absolutely to a real analytic function on R, x
M x M.

Let A(7) denote the operator of analytic continuation of a function on M to the Grauert
tube M,. Since

(4.3) Uc(it)pr = ¢ ™%,
it is simple to see that
(4.4) A(7) = Ug(ir)e™?

where Uc(iT, (,y) is the analytic continuation of the Poisson kernel in = to M,. In terms of
the eigenfunction expansion, one has

(4.5) U(ir,¢,y) = Zefﬂjso;-c(@soj(y), (¢,y) € M. x M.

This is a very useful observation because U@(Z'T)GT\/E is a Fourier integral operator with
complex phase and can be related to the geodesic flow. The analytic continuability of the
Poisson operator to M, implies that every eigenfunction analytically continues to the same
Grauert tube.

2. Analytic continuation of the Poisson wave group. The analy i¢,ontinuation of the
Possion-wave kernel to M, in the x variable is discussed in detail in [ZeI2] and ultimately
derives from the analysis b . damard of his parametrix construction. We only briefly
discuss it here and refer to [ZeI2| for further details. In the case of Euclidean R™ and its
wave kernel U(t, z,y) = [, €"lle’©*=¥/d¢ which analytically continues to ¢ +i7,( = z+ip €
C4 x C™" as the integral

Uc(t+it,z +ip,y) = / e el i€ atip—y) ge.

n

The integral clearly converges absolutely for |p| < 7.
Exact formulae of this kind exist for S and H™. For a general real analytic Riemannian
manifold, there exists an oscillatry integral expression for the wave kernel of the form,

(4.6) Ult,z,y) = / eMelov HEexey (@) A(t 2y, €)dE
*M

Yy
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wh K}JQ{E x,y, &) is a polyhomogeneous amplitude of order 0. The holomorphic extension
of (Eg) to the Grauert tube || < 7 in z at time ¢ = i7 then has the form

(4.7) Uc(it, ¢, y) = / eIl HEP D A (L ¢y, €)dE (¢ = @+ ip).

Y

3. Complexified spectral projections. The next step is to holomorphically extend the
spectral projectors dljp »(x,y) = >_; 6(A—A;)p;(x)p;(y) of VA. The complexified diagonal
spectral projections measure is defined by

(4.8) IIg (¢, ¢) = ZM A5 ()%

Henceforth, we generally omit the superscript and write the kernel as IT¢ O] (¢,¢). This kernel
is not a tempered distribution due to the exponential growth of |5 (¢)[*. Since many as-

ymptotic techniques assume spectral functions are of polynomial growth, we simultaneously
consider the damped spectral projections measure

(4.9) drPh (¢, C) = ZM A)e 215 (),

which is a temperate distribution as long as \/p(¢) < 7. When we set 7 = ,/p(¢) we omit
the 7 and put

(4.10) dAPon(C, Q) =D 6(A = Aj)e VPN ().

J

The integral of the spectral measure over an interval I gives

O(z,y) = Y @i(@)ei(y).

JiXN €L

Its complexification gives the spectral projections kernel along the anti-diagonal,

JiXNEL
SPPROJDAMPED
and the integral of (&I.Qi gives 1ts temperate version
(4.12) Pr(¢,¢) = > e ™eF QP
Jix;el

or in the crucial case of 7 = /p((),

(4.13) Pr(¢, Q)= > e VPO E(()P,

Jinjel
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4. Poisson operator as a comp 3% 9&% integral operator. The damped spectral

projection measure dy Py (C, ¢) (& ual under the real Fourier transform in the ¢
variable to the restriction
(4.14) U(t +2im,¢,0) = Y e H0N G5 ()?

J
to the anti-diagonal of the mixed Poisson-wave group. The adjoint of the Poiss w]%]f,nel
U(it,z,y) also admits an anti-holomorphic extension in the y variable. The sum (g [4) are
the diagonal values of the complexified wave kernel

Ut+2ir,¢,¢") = [, Ult+ir,¢,y)E(iT,y,()dV,(z)

=22, e TN RO EF ().
. |EFOR ) :
We obtain (h IB; by orthogonality of the real eigenfunctions on M.
Since U (t+2iT,(,y) takes its values in the CR holomorphic functions on 0M,, we consider

the Sobolev spaces O (8M ) of CR holomorphic functions on the boundaries of the
strictly pseudo-convex domains M., i.e.

08+m4—1 (@MT) — WS"‘mz;_l (8MT) M O(@MT),

where W is the sth Sobolev space and where O(OM.) is the space of boundary values
of holomorphic functions. The inner product on O°(OM,) is with respect to the Liouville
measure

(4.16) du, = (i00/p)™ ' N d°\/p.
We then regard U(t + i7,(,y) as the kernel of an operator from L*(M) — O°(OM,). Tt
equals its composition I1. o U(t + i7) with the Szegd projector

II. : L*(0M,) — O°(OM,)

for the tube M., i.e. the orthogonal projection onto boundary values of holomorphic func-
tions in the tube. .

This is a useful expression for the complexified wave kernel, because II, is a complex
Fourier integral operator with a small wave front relation. More precisely, the real points
of its canonical relation form the graph Ay of the identity map on the symplectic one
Y. C T*OM, spanned by the real one-form d¢p, i.e.

(4.17) 2, ={(Crdp(()), ¢€IM,, r>0}CT*(OM,).

We note that for each 7, there exists a symplectic equivalence X T*M by the map

(¢, rdp(€)) = (Ez'(¢),ra), where o = £ - dx is the action form (cf. 2

The fogov51rtgtsr<ﬂsscult was first stated by Boutet de Monvel% and has been proved in
€ Y Y

detail in tel.

(4.15)

Theorem 4.1. II. o U(ie) : L*(M) — O(OM.) is a complex Fourier integral operator of

order — =L gssociated to the canonical relation

4
I'={(y,n,ec(y,m)} CT*M x ¥..

Moreover, for any s,

II. o Ulie) : W8(M) — O+ "1 (aM)
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18 a continuous isomorphism.

5. Complexified Pmsson%grnel as a comple ]i‘guili%r integral operator. The fol-
Zo12, L13)):

lowing theorem is stated in [Bou] ( For proofs, see [ZelZ;

GS2,GLS
Theorem 4.2. (see BOI(I)u GS2Z, GLS]) For suﬁﬁiczently small T > 0, Uc(it) : L*(M) —
O(OM,) is a Fourier integral operator of order _T with complex phase associated to the
canonical relation

A={(y,n, e (y,m)} CT"M x 3.

Moreover, for any s,

Uc(it) : W8(M) — Q7%
18 a continuous isomorphism.

BOUFIO2 ou

The proof of Theorem marely sketched in FBBu]. However, the theorem follows almost
immediat the construction of the branched meromorphic Hadamard parametrix in
Corﬂgﬁ or alternatlvely from the analytic continuation of the Hormander parametrix
of §h._1't' sufﬁces to show that either is a parametrix for Uc(it,(,y), i.e. differs from it by
an analytic kernel (smooth would be sufficient by analytic wave front set considerations).
But the Hadamard parametrix construction is an exact formula and actually give Sripgye
precise description of the singularities of Ug(i7,(,y) than is stated in Theorem H.2. e
briefly explain how either the Hadamard or Hérmander parametrix can be used to complete
the proof.

Using the complexified Poisson-wave kernel, one can prove the following sup-norm esti-
mate:

H(0M;)

Proposition 4.3. Suppose (M, g) is real analytic. Then

m+3 T)\

m-+1 8
sup [65(0)] < OV e sup (2829 < oy
CeEM~ ¢eM, C}

5. ANALYTIC CONTINUATION OF THE POISSON-WAVE KERNEL

) ) gOUFIO BOUFI02 ) el2
In this section we prove Theorem [ gld Theorem closely following :ZeIQ]. Other
closely related proofs can be found in Illg Ste].

1. Hormander parametrix for the Poisson-wave kernel . A more familiar construction
of U(t,z,y) and its analytic continuation which is particularly useful for small |¢| is the one
based on the Fourier inversion formula. Its generalization to Riemannian manifolds is given

by

(5.1) Ut z,y) = / eelow €y @D At 1y, €)dE,
* N[

_ , ' . PTAULWL
for (z,y) sufficiently close to the diagonal. We use this parametrix to prove Theorem %.5

2).

The amplitude is a polyhomogeous symbol of the form

(5.2) A(t,2,y,€) ~ ZAtxy€
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where the asymptotics are in the sense of the symbol topology and where
Aj(taxayaTg) = TﬁjAj(tvx7y7€)7 fOI"f’ 2 L.

The principal term Ao(?, x,y, §) equals 1 when ¢ 5= 0 on the diagonal, and the higher A; are
determined by transport equations discussed in ].

It can be verified that,i e case of real analytic (M, g), the amplitude is a classical formal
analytic symbol (see §8). Hence if A(t,z,y, &) is a realization of the amplitude A(t,x,y, &),
then one obtains an analytic parametrix

(5.3) U(t,z,y) = / el €0 O (1, .y, €)de,
Ty M

which approximates the wave kernel for small |¢| and (z,y) near the diagonal up to a holo-
morphic error, whose amplitude is exponentially decaying in [¢].

2. Fourier int gﬁ\l distributj ous with complex phase. First, we review the relevant
definitions (see FHHTV], §25.5 or [MeSj]). A Fourier integral distribution with complex phase
on a manifold X is a distribution that can locally be represented by an oscillatory integral

A(m):/ @ q(x,0)do
RN

where a(z,0) € S™(X x V) is a symbol of order m in a cone V' C RY and where the phase
© is a positive regular phase function, i.e. it satisfies

e Imy > 0;
° dg—b‘fi, e ,da‘?g—fv are linearly independent complex vectors on

Cor = {(z,0) : dy(z,0) = 0}.

e In the analytic setting (which is assumed in this article), ¢ admits an analytic con-
tinuation ¢ to an open cone in X¢ x V.

Define
Cope = {(2,0) € Xc x Vi : Vgpe(z, 0) = 0}.

Then C,. is a manifold near the real domain. One defines the Lagrangian submanifold
Ay C T X as the image

(x,0) € Cpr = (x, Vype(x,0)).

. . . . . [OSCHAD MODOSCHAD
3. Analytic continuation of the Hadamard parametrix. As in §8 and §77 we can

express Uc(iT,(,y) as a local Fo }ﬁ%ﬂﬁegral distribution with complex phase by rewriting
the Hadamard series in Corollary % [ as oscillatory integrals. Here we assume that 7 > 0,1 >

0.

A complication is that we can'on'ly use the complexiﬁed phgse Iy D:OSIgHﬁ) r? in regions of
complexified R x M x M where its imaginary part is > 0. As in §77 we could also use the
phase t — r (resp. t + r) in regions where ¢t + 1 # 0 (resp. t — r # 0) and where the contour
R, can be deformed back to itself after the the change of variables 8 — (¢ + r)6.
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4. Analyt'ﬁA ohtinuation of the Hormander parametrix. As was the case in R", the
parametrix (%%Tdﬁts an analytic continuation in time to a strip {t+i7 : 7 < 74y, || < 1}.
In the space variables, the parametrix then admits an analytic continuation to complex z,y
satisfying |rc(z,y)| < 7. P ARAGNE

The analytically continued parametrix (thﬂ)Tpproximates the true analytically continued
Poisson kernel up to a holomorphic kernel. More preicsely, for any o € M and 7 > 0,
there exists €,p > 0 and an open neighborhood W of xy in M, such that for || < 1 and
(x,y) e W x W,

(5.4) Ut+ir,x,y) = / e~ TlElay e“g’e"p?l(z»A(t +ir,x,y,£)dE + R(t, z,y),
T:M

where R(t,x,y) is holomorphic for small |t| and for (z,y) near the diagonal.
The parametrix is only defined near the diagonal where exp, 1'is defined. However one
B3Ik fxfend it to a global holomorphic kernel away from Cc by cutting off the first term of
azr%mh a smooth cutoff x(x,y) supported near the diagonal in M, x M, and then solving
a 0 problem on the Grauert tube (or a d, proble 0y its boundary) to extend the kernel to
be globally holomorphic (resp. CR). We refer to%@@] for a more detailed discysgion. This
gives an alternative to the Hadamard parametrix ction of Corollary b.T.

OGS
This concludes the sketch of proof of Theorem #.2.

5. Ay, 0, and characteristics. In the real domain, A is an elliptic operator with principal
symbol oa(x,§) =: 3 75, g"(v)&&;. Hence its characteristic set (the zero set of its symbol)
consists only of the zero section & = 0 in T*M. But when we continue it to the complex
domain it develops a complex characteristic set

(5.5) Ch(Ac) ={(¢.§) € T"Mc = Y g7(¢)&&; =0}

ij=1

The wave operator on the product spacetime (R x M, dt* — g,) is given by
92
T

The unusual sign in front of A, is due to the sign normalization above making the Laplacian
non-negative. Again we omit the subscript when the metric is fixed. The characteristic
variety of O is the zero set of its symbol

Og(t777$,5) = 7—2 - |£‘i7

O + A,

that is,
(5.6) Ch(O) = {(t,7,2,&) € T*(R x M) : 7> — [£]2 = 0}.

The null-bicharacteristic flow of O is the Hamiltonian flow of 72 — [£|2 on Ch(O). Its graph
is thus

A= {(t>7_7~1'7§7y777) : 7—2 - ’5‘925 - O,Gt<x,£) = (y,n)} C T*(R X M x M)
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6. Characteristic variety and characteristic conoid. Following FH], we put

(5.7) L(t,x,y) = 1* —r*(z,y).

Here, r(z,y) is the distance between z,y. It is singular at » = 0 and also when y is in the
“cut locus” of z. In this article we only consider (z,y) so that r(x,y) < inj(x), where inj(x)
is the injectivity radius at z, i.e. is the largest € so that

exp, : B, M — M

is a diffeomorphism to its image. The injectivity radius inj(M, g) is the maximum of inj(z)
for x € M. Thus, we work in a sufficiently small neighborhood of the diagonal so that cut
points do not occur.

The squared distance r%(z,y) is smooth in a neighborhoof of the diagonal. On a simply
connected manifold (M ,g) without conjugate points, it is globally smooth on M x M. We
recall that ‘without conjugate points’ means that exp, : 7,,M — M is non-singular for all z.

The characteristic conoid is the set

REALCHCON | (5.8) C={(t,z,y) :r(z,y) < inj(z), r*(r,y) =t} CR x M x M.

It separates R x M x M into the forward/backward semi-cones
Ci={(t,z,y): t* —r*(z,y) > 0,4t > 0}.
The complexificationof C = Cy is the complex characteristic conoid
(5.9) Ce = {(t.z,)  12(2,) = 2} € C x Mg x Me.

We note that Cg C Cc is a totally real submanifold. Another totally real submanifold of
central importance in this article is the ‘diagonal’ (or anti-diagonal) conoid,

DCHCON] (5.10) Ca = {(2i7,(,¢) : T € Ry, (,( € OM,}.

By definition, r2(¢, () = —47% if ( € OM..

gappwk | 7- Hadamard parametrix for the Poisson-wave kernel. We are most interested in the
Hadamard parametrix for the half-wave kernel, which does not seem to have been discussed

in the literature. We are more generally interested in the Poisson-wave semi-group eiltHim) VA
for 7 > 0. The Poisson-wave lernel

POISSWAVE| (5.11) Ut +ira,y) =) Mg (2)p;(y)
j

is a real analytic kernel which possesses an analytic extension to a Grauert tube. Thus, there
exists a non-zero analytic radius 7,, > 0 so that the Poisson kernel admits a holomorphic
extension U(t +iT,(,y) to M, x M for 7 < 7,,. Since

(5.12) U(it)px = e7¢5,
the eigenfunctions analytically extend to the same maximal tube g5 does [T(i7).
We would like to construct a Hadamard type parametrix for (EI I ; We may derive it
from the Feynman-Hadamard fundamental solution using that
d eiltva A
(5.13) Eeﬁ = isgn(t) VA
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and
. 1 d eltva  q d e—iltVA
(5.14) e = SH(t) e — —H () 5 e
i dt /A i dt /A
Hence,
d ,
(5.15) Ur(t) = ™2, (t>0).

idt
The restriction to ¢ > 0 is consistent with the fact that e*V2(z,y) has the singularity ((¢ +
i0)2 —72) 2" (in odd spacetime dimensions) while Up(t) has the singularity (£2 — 2+ i0)*2".

We note (again) t@%;\%ﬁ i0)? — r?)* = (t* — r* +i0)* for t > 0.

From Theorem 77 we conclude:

ﬁgx@&gry 5.1. Let (M, g) be real analytic. Then with the U;, Vi, W, defined as in Theorem

77, we have:

e In odd spacetime dimensions, for t > 0 the Poisson-wave kernel U(t + iT,x,y) (T >
0) has the form AU where A = > AT with A; holomorphic. The series
converges absolutely to a holomorphic function for |I'| < e sufficient small, i.e. near
the characteristic conoid.

e In even spacetime dimensions, for t > 0, the Poisson-wave kernel has the form
BT 2" +ClogT'+ D where the coefficients B, C, D are holomorphic in a neighborhood
of Cc, and have the same I' expansions as A.

PTAULWL
We use this parametrix to prove Theorem %.5 (1.

8. [ “Lgﬁﬁlard parametrix as an oscillatory integral with complex phase. Corol-
lary b.T gives a precise description of the singularities of the Poisson-wave propagator. It
implicitly describes the kernel as a Fourier integral kernel. We now make this description ex-
plicit in the real domain. In the following sections, we extend the description to the complex
domain.

We first express I'2 17 as an oscillatory integral with one phase variable using the well-
known identity

(5.16) / 0% d\ = ie™™*T(\ + 1) (o +i0) .
0
At least formally, this leads to the representation

oo n—1_ . o . —1 . e
/0 0= 2 g = L] i+ 1)(#2 = r? 440y~

for the principal term of the Poisson-wave. Here, the notation I' = t?> — r? unfortunately
clashes with that for the Gamma function, and we temporarily write out its defintion.

In even space dimensions, the Hadamard parametrix for the Hadamard-Feynman funda-
mental solution thus has the form

>y Uj(t,z,y)D 2"t

(5.17) =a
00 iB(+2—p2 o) - a2l g — _
= [;et )<zj:0Uj<t,x,y><ze<2 m/2) 1p<i3-j+1>>d9'
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Here we follow Hadamard’s notation, but it is simpler to re-define the coefficients U; so that
the I'-factors appear on the left side as in [Be| (7). We thus define

1
U(t,x,y) = ((uz(2 MMQ) _ : ) Uj(t,z,y)
By the duplication formula I'(2)['(1 — 2) = =7 with z = % —k — §, i.e
m « m 1
A S S ¥ ,
(2 J 2> ( )Slnw(%—%)F(—%+1+j+%)
it follows that
s 1

e (e w0,

TS (=%+1+75+%)
so that the formula in odd spacetime dimensions becomes
1 0o i U;(t,z,y) 2 o\ m=2 4 ;
C%ﬂnﬂ%—%)E:FQG_D]H—é+LH¥§ﬂt —rf) e
(5.18)
= J e (S0 Uyt )0, ) do.
HDSTUFF
The amplitude in the right side of (% [8) 5 then a formal analytic symbol,

(5.19) A(t,z,y,0 ZZ/{ (t,z,y)0, 7 7j,

Due to the -factors appearing in the identity ( ET.I6 ), opyergence of the series on the
(6.18) do (.19

left side of oes not imply Spuvergence of the series ). However, there exists a
realization of the formal symbol (% [9) by a holmorphic symbol

A(t,z,y,0) ZL{txy92fj,
0<j< %

and one obtains an analytic parametrix
(5.20) Ulta) = [ e Alt.y.0)a8
0

which approximates the wave kernel for small |t| and (z,y) near the diagonal up to g holo-
morphic error, whose amplitude is exponentially decaying, in 6. Here, we recall (see %’J], p.
3 and section 9) that a classical formal analytic symbol (%j], page 3) on a domain 2 C C”

is a formal semi-classical series
o

a(z,\) = Z arp(2)A7F,

k=0
where ai(z,\) € O(Q) for all A > 0. Then for some C > 0, the ax(z) € O(Q) satisfy
lag(2)] < C*MEF k=0,1,2,....
A realization of the formal symbol is a genuine holomorphic symbol of the form,

a(z,\) = Z ar(2)A7".

A
0<k< 2
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It is an analytic symbol since, with the index restriction,

(2 < Ca( S < cet

Hence the series fippLverges uniformly on €2 to a holomorphic function of z for each .
Returning to (% 19), the Hadamard-Riesz coefficients U; are determined inductively by the
transport equations

(5.21) ,
4ir(m,y){(rk;1 + %)Mj+1 + WJ“} AU;.

whose solutions are given by:

Z/{O(‘rv y) = @_%<I, y)
(5.22)
Ujpr(z,y) = 072 (z,y) fol s*O(z, x4)2 Aold;(z, 25)ds

where x; is the geodesic from x to y parametrized proportionately to arc-length and where
A, operates in the second variable. HDSTUFFa

As discussed above, the representation (mes not suffice when n is odd, since I'(z)
and 07 have poles at the negative integers. To rescue the representation w ep n is odd, we
need to use the distributions 6" with n =1,2,..., defined as follows (see [Hol]):

0 (p) = /Oooaoge) @)/ (k — 1)1 + o V(0 Zl/y

This family behaves in an unusal way under derivation,

d
0 = kT (- 1563 /1)

(see Fﬁ%l](&?.?)”) nd is therefore sometimes avoided in the Hadamard-Riesz parametrix
construction (as in %e]).

However, we have already constructed the parametrices and only want to express them
in terms of the above oscillatory integrals to make contact with Fourier integral operator
theory. In odd space dimensions, the Hadamard parametrices can be written in the form

J7 e (Uo(t, 2, y)07 + - - - + Un02) db
(5.23)
+ J € (U107 + Upg2b” + -+ ) df

Again the amplitude is a formal symbol. To produce a genuine amplitude it needs to be
replace by a realization which approximates it modulo a holomorphic symbol which is expo-
nentially decaying in 6.

We are paying close attention to the regularization of the integral at § = 0, but only the
behavior of the amplitude as § — oo is relevant to the singularity. The terms with 9;’“ for
k > 0 produce logarithmic terms in the kernel. If we use a smooth cutoff at 6 = 0, we obtain
distributions of the form

u, () :/Rewrx(ﬁ)ﬁ"de
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where x(f) =1 for # > 1 and x(#) = 0 for < 5. Then
u_r(I) = "M logl’, modulo C*®, u_gx(-T) = (—i)" ™I 'logT.

ODDPAR
Hence the terms with negative powers of 6, in (bZBijroduce the logarithmic terms and the
holomorphic terms.

Above, we discussed the Hadamard-Feynman funda tal solution, but for ¢ > 0 we only
need to differentiate it in ¢ (according to Propositionn};_.l%_)_ﬁ) obtain the parametrices for
the Poisson-wave group. Away from the characteristic conoid the Schwartz kernels of the
Poisson-wave group and Hadamard-Feynman fundapental solution are holomorphic by the
theorem on propagation of analytic wave front sets %j] The Fourier integral structure and
mapping properties follow immediately from the order of the amplitude and from the exact
formula for the phase.

9. Tempered spectral projector and Poisson semi-group as compplex Fourier
integral operators. To study the tempered spectral projection kernels (. IZ;, we further
need to continue Ug(t, (,y) anti-holomorphically in the y variable. The discussion is similar
to the holomorphic case except &m(ﬁge need to double the Grauert tube radius to obtain
convergence. We thus have (cf. (&[ 14))

Uclt +2ir,¢,Q) = 32, €2 0% |58 (Q)?

= fR eit)\dAP[‘l(')’)\](C’ E)

Properties of these kernels may be ob 2HE from kernels which are analytically continued
in one variable only from the formula (4.

Uc(t+2i1,¢, ) = [, Ut +ir,¢,y)Uc(ir, y, C")dVy(x)

(5.24)

(5.25)

=32, eTEHON RO (¢).
We have,

Proposition 5.2. For small t,7 > 0 and for sufficiently small 7 > \/p(C) > 0, there ez-
ists a realization B(t,(,(,0) of a formal analytic symbol B(t,(,(,0) so that as tempered
distributions on R x M.,

(5.26) Uc(t + 2i7,¢,¢) = / W2 =2VpDB(t, ¢, ¢, 0)dA + R(t + 2iT, ¢, C),
0

where R(t+2it,(, () is the restriction to the anti-diagonal of a holomorphic kernel. Moreover

o O((t +2it) — 2i\/p(C)) is a phase of positive type.
o If \/p(C) < 7 the entire kernel is locally holomorphic.

o If \/p(¢) =T then
(5.27) Uc(t + 2i7,¢,C) = / ¢ B(t,¢,¢,0)d + R(t + 2i7, ¢, ().
0
HALFHAD — h
Proof. We use the Hadamard parametrix (Corollary %{ ) for U(t + 2iT,(, () and use (r2. 3 e} to
simplify the phase, i.e. we write

D(t + 2i7,(, ) = (t + 20T — 2i/p)(t + 2iT + 2iy/p)
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ALFHAD
in the Hadamard parametrix in Corollary %’T’he factors of (¢ + 2i7 4 2i,/p) are non-
zero when 7 > 0 and can be absorbed into the Hadamard coefficj ts; A]y\/e denote the new
amplitude by B to distinguish it from the amplitude in Corollary % } We then express each
term as a Fourier integral distribution of complex type with phase t + 2i7 — 2i,/p. It is
manifestly of positive type. On OM;, t + 2it — 2i,/p simplifies to t.

O

07
10. Complexified wave group and Szego kernels. As in :ZeelW] it will also be necessary
for us to understand the composition Ug(i7)*Uc(i7). In this regard, it is useful to introduce
the Szego kernels 11 of M., i.e. the orthogonal projections

(5.28) I, : L*(OM,,du,) — H*(OM,,du,),

where du, is the Liouville volume form. Here as above, H?(OM,,du,) is the Hardy space
of boundary values of holomorphic functions in M, which belong to L*(OM,,du,). It is
simple to prove that the restrictions of {go(f\:j} to OM, is a basis of H*(OM,,du,). The
Szego projector I, is a complex Fourier integral operator with a positive complex canonical

relation. The real points of its canonj @k%tion form eengraph Ay, of the identity map
on the symplectic cone ¥, C T*0M, (A.17). We refer to [ZeI2] for further background. We

only need the first statement in the following:

Lemma 5.3. Let V(X)) denote the class of pseudo-differential operators of order s on X.
Then,

1 _(m—=1
o Uc(it)*Uc(it) € =5 (M) with principal symbol |§|g( ),

o Uc(i) oUc(it)* = I, A1l where A, € U™ (OM,) has principal symbol |0|§,mT_) as
a function on Y.

_ _ BOUFIO2 ' ' '
Proof. This f lows from Proposition h.?. [he first statement is a special case of the following
Lemma from [Ze07]: Let a € S°(T*M — 0). Then for all 0 < 7 < Tyax(g), we have:

U(ir)* I1all,U(iT) € U~ (M),

. . —(m-Ly
with principal symbol equal to a(z, &) |£], " 2 BOUFIO2 N
The second statement follows from Theorem b.Q and the composition theorem for complex

Fourier integral operators. We note that

(5.29) Uc(it) o Uc(i7)*(¢,¢) = D e ™5 (O ().

J

6. GROWTH OF COMPLEXIFIED EIGENFUNCTIONS

1. A Siciak-Zaharjuta extremal function for Grauert tubes. Before defining the ana-
logues, let us first recall the definitions of relative maximal or extremal PSH functions sat-
isfying bounds on a pair F C 2 C C™ where (2 is a bounded open set. There are two
definitions:
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ic
e The pluri-complex Green’s function relative to a subset £ C (2, defined }'FSTC] as the
upper semi-continuous regularization Vg  of

Vea(z) = sup{u(z):ue PSH(Q),ulp <0,ulgn <1} .
e The Siciak-Zaharjuta extremal function relative to E C €, defined by

1 .
log &3 (C) = sup{ < log [px(Q)] : p € P}, log @p = limsup log &,

N—oo

where Pg = {p € P¥ : [lpllz <1, lplla < e}

Here, ||f||z = sup,cp |f(2)| and PV denotes the sp ce of all complex analytic polynomials
of degree N. Siciak proved that log®p = Vg (see [Sic|] Theorem 1). Intuitively, there are
enough polynomials that one can obtain the sup by restricting to polynomials.

There are analogous definitions in the case of unit co-disc bundles in the dual of a positive
holomorphic Hermitian line bundle L — M over a Kéhler manifold. In the case of CP", one
defines

Vi (z) = sup{u(z): v € L,u < 0on K}
where £ denotes the Lelong class of all global plurisubharmonic (PSH) functions u on C"
with u(z) < ¢, + log (1 + |2]).
We now define an analogue of the Siciak-Zaharjuta extremal function for Grauert tubes

in the special case where I = M, the underlying real manifold. The Riemannian analogue
of PV is the space

H = {p= Z ajgo(fj, ai,...,anp € R}

JiNEDN

spanned by the eigenfunctions with ‘degree’ \; < A. Here, N(A\) = #{j : \; € I,}. As
above, we could let I, = [0,\] or Iy = [A\, A + ¢] for some ¢ > 0. It is simpler to work with
L? based norms than sup norms, and so we define

N
SHy ={0 =Y aef, Y la =1}
JAS <A =1

Definition 6.1. The Riemannian Siciak-Zaharjuta extremal function (with respect to the
real locus M) is defined by:

log ©7,(¢) = sup{5 log [¢(Q)] : ¥ € SH}},
(6.1)
log @, = limsup,_, . log ®},.

Remark 6.2. One could define the analogous notion for any set E C M., with
SHy = {p € H [pllr2m) < 1}

But we only discuss the results for E = M.

One could also define the pluri-complex Green’s function of M, as follows:
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Definition 6.3. Let (M, g) be a real analytic Riemannian manifold, let M, be an open
Grauert tube, and let £ C M,. The Riemannian pluri-complex Green’s function with
respect to (E, M, g) is defined by

VgET(C)Zsup{U( ) iu e PSH(M;), ulp < 0,ulon, <7}

It is obvious that Vi > /p(¢) and if.ds almost standard that Vori-(C) = /p(Q).
See Proposition 4.1 of %G ?r Corollary 9 of 2]. The set M = (1/p)~"(0) is often called
the center. As proved in , there are no smooth exhaustion functions solving the exact

HCMA (Theorem 1.1). Hence w must be singular on its minimum set. In [HW] it is proved
that the minimum set of strictly PSH function is totally real.

2. Statement of results. Our first results concern the logarithmic asymptotics of the
complexified spectral projections.

12
Theorem 6.4. (see also ;Zeel2]) Let Iy =[0,\]. Then
(1) log ®},(¢) = 3 log I7} (¢, C).
(2) log @y = limy_,o, log @3, = N2

B%])gjarove the Theorem, it is conyeient A‘H\&Egudy the tempered spectral projection measures

, or in differentiated form (4.9),

H8

(
(6.2) drPpy 5(¢,¢) = ZM A)e 215 (),

which is a temperate distribution on ]R f%P%ﬁ Agpﬁﬁxécisfying VP(¢) < 7. When we set

7 = /p(¢) we omit the 7 and write (as in (4.

(6.3) drPox(C,0) =) (A= Xj)e VPO |GE(().

J

The advantage of the tempered projections is that they have polynomial asymptotics and
one can use standard Tauberian theorems to analyse their growth.
We prove the following one-term local Weyl law for complexified spectral projections:

Theorem 6.5. On any compact real analytic Riemannian manifold (M, g) of dimension n,
we have, with remainders uniform in C,

(1) For /p(¢) = §

n—1

P[Ov)\](C»CT) = (2m)™" (%) N (m + O(l)) ;
(2) For \/p(¢) < 5.
Pox(¢,¢) = (2m)™" A" (1+ 0]

This i glies new bounds on pointwise norms on complexified eigenfunctions, improving
those of S|. inequality gives

Corollary 6.6. Suppose (M, g) is real analytic of dimension n, and that Iy = [0, A]. Then,
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(1) For 7> and /p(¢) = 7, there exists C > 0 so that
0N T < sup ()] < O R
CeM
(2) For 7 <&, and \/p(¢) = 7, there exists C > 0 so that

n—1
PR (O] < A7
PW PTAULWL
The lower bound of Corollary ﬁ ) combines ﬁeor %5 1th Géarding’s inequality.

The upper bound sharpens the estlmates claimed in

(6.4) sup [ox(Q)] < CrAmHlem™.
CeM;

The improvement is due to using spectral asymptotics rather than a crude Sobolev inequality.

. ) SICIAK ‘ '
3. Sicia S?a%emal functions: ' Pr(?of of Theorem '6.4 (1). In this secFlon we prove
Theorem irst we prove a pointwise local Weyl law in the complex domain.

SICIAK PTAULWL . .
4. Proof of Theorem 16.4(2). This follows from Theorem ogether with the following

12
:Zeel2] For any 7 = \/p(¢) > 0, and for any 6 > 0,

log |0 log A - log A
2/3(0) 204 0(%82) < Log 110 (¢.0) < 2v/8(0) + 0(%2)

hence .
Ahj;o Y log T} x (€, ()= 2/p(¢)-

Lemma 6.7. Proof. For the upper bound, we use that

Mon(G,0) < eVOy 2VHON L ()P

jiA €00 €

(6.5)
P Pox (¢, Q).
PTAULWL

We then take + 5 log of both sides and apply Theorem o conclude the proof.

The lower bound is subtler for reasons having to do with the distribution of eigenvalues
(see the Remark below). It is most natural to prove two-term Weyl asymptotics for Py (¢, ¢)
and to deduce Weyl asymptotics for short spectral intervals [A, A + 1]. But that requires an
analysis of the singularity of the trace of the complexified wave gropup for longgr times than
a short interval around ¢ = 0 and we postpone the more refined analysis until %7

Instead we use the longer intervals [(1 — )\, A] for some 6 > 0. We clearly have

(6.6) PV S VRN | (0) < T (¢ )

G E[(1=0)AN]
PTAULWL
By Theorem %.5,

D iel—dpa €Y p(C)Aj|90§j(C)|2 = Pox(¢¢) = Poa-s(¢ Q)

= Cu(P)[1 = (1—8)"]A
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Taking ; log then gives

3 log Mo,y (¢, Q) = 2(1 = 6)y/p(¢) — =52+ O(1%2
It follows that for all § > 0,

l1m1nf 5 log o\ (¢, €) > 2(1 — 8)4/p(C).

A—00

The conclusion of the Lemma follows from the fact that the left side is independent of 9.
O

Remark 6.8. The problematic issue in the lower bound is the width of Ix. If (M,g) is a
Zoll manifold, the eigenvalues of /A form clusters of width O(X™Y) around an arithmetic
Progression {k—i—g} for a certain Morse index 3. Unless the intervals I are carefully centered
around this progression, Pr, could be zero. Hence we must use long spectral intervals if we
do not analyze the long time behavior of the geodesic flow; for short ones no general lower
bound ezxists.

SICIAK
5. Proof of Theorem

Proof. We need to show that
17 (¢, ¢) = sup{le(Q)P o = > ajef, |lall =1}

JiX €L
We define the ‘coherent state’,
I (w, z
(I)f\(w) - I)\( ) )
H}i(z Z)
satisfying,
c %5 (C)
2
w):ZGjSOj(w)a aj = —FfF——— c Z|a3| =L
Sl I} (2, 2)
Hence, @i is a competitor for the sup and since ]<I>§ (O)|? = My, (¢, ¢) one has
II7, (¢, ¢) < sup{[(¢ = a;ef, llal| =1}
Jinel

On the other hand, by the Schwartz inequality for ¢2, for any ¢ = ij Nel ajcpzc one has
| > a1 = a0 < lall> Y ef1? = 111,(¢,O)
j:)\]‘EI

and one has

7 (G ¢) 2 sup{[e(Q)F s = ) ajey, llall =1},

Jinjel
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Remark 6.9. Since N(Iy) ~ A™1,
%log 11, (¢, () = ilog (Zj»\jeh |90§]- (C)P)

= maxjyer, {§ log |5, (O} + O(%2).

We recall that a sequence of eigenfunctions is called quantum ergodic if (Apj,p;) —
mfsg oadp. The complexified eigenfunctions then satisfy - v log [, (¢)| = /p(C). It
follows that ergodic eigenfunctions are asymptotically maximal, i.e. have the same logarith-
mic asymptotics as O}

7. POINTWISE PHASE SPACE WEYL LAWS ON GRAUERT TUBES

1. Two term pointwise Weyl law&]}' aGrauert tubes. The asymptotics of the com-
plexified spectral projection kernels (h._l'%;are complex analogues of those of the diagonal
spectral projections in the real domain and reflect the structure of complex geodesics from
¢ to . As in the real domain, one can obtain more refined asymptotics of Pt (¢, ¢) by
using th structure of geodesic segments from ¢ to . This is the subject of the work in
progresse%Z‘W]. For the sake of completeness, we state the results here: There exists an
explicit complex oscillatory factor Q¢(\) depending on the geodesic arc from ¢ to ¢ such
that

(1) For \/p(¢) > 5,

n—1

Py (C.0) = (2m)"A (%) QU oA )

(2) For \/p(¢) <5,
Po(C,0) = (2m) 7" A"+ Qc(MA™ !+ o(A"H),

, . PTAULWL
In this section, we prove Theorem %.5 (1]J. To prove the local Weyl law we employ para-

metrices for the Poisson-wave kernel adapted to elHTVA for 7 > 0 which are best adapted
to the complex geometry.

Proof. As in the real domain, we obtain asymptotics of P, 0] (¢,¢) by the Fourier-Tauberian
method of pe their asym fotics to the singularities in the real time ¢ of the Fourier
transform (1.14).” We refer to [SV] for background on Tauberian theorems. We follow the
classical argument of [DG], Proposition 2.1, to obtain the local Weyl law with remainder one
degree below the main term. FINALHAD

The proof is based on the oscillatory integral representation of @osition m are
working in the case where \/p(¢) = 7 and hence can simplify it to (5.27).

We then introduce a cutoff function ¢» € S(R) with ) e Cg° supported in sufficiently small
neighborhood of 0 so that no other singularities of Ug(t + 2i7,(, ¢) lie in its support. We
also assume 1/; = 1 in a smaller neighborhood of 0. We then change variables § — A0 and
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apply the complex stationary phase to the integral,

o D)= MU (t + 2i7, ¢, C)dt
(7.1)

= fR fooo 1&(75)6_"’\’56"9’5 (B(t, ¢,¢,0)d0 + R(t + 2it, ¢, C_))) dt.

The second R term can be dropped since it is of order A™ for all M > 0. In the first
we change variables & — A6 to obtain a semi-classical Fourier integral distribution of real
type with phase (=1 The critical set consists of § = 1, = 0. The phase is clearly
non-degenerate with Hessian determinant one and inverse Hessian operator Dj,. Taking
into account the factor of A™! from the change of variables, the stationary phase expansion
gives

(7.2) ST = AR ~ YT NT T (ri0)
i k=0

where the coefficients wg(7,]¢) are smooth for ¢ € 9M,. However the coefficients are not
uniform as 7 — 07 due to the factors of (t+2i7+42i,/p(¢)) which were left in the denominators
of the modified Hadamard parametrix. Since ¢ = 0 at the stationary phase point, the
resulting expansion is equivalent to one with the large parameter 7A (or /p(¢)A). The
uniform expansion is then

(73) S e - A OF~ Y (2) T o),

T
k=0

where w; are smooth in ¢, and wy = 1. The remainder has the same form. v
To complete the proof, we apply the Fourier Tauberian theorem (see the Appendix (%V])
Let N € F, and let v € S(R) satisfy the conditions: ¥ is even, ¥(A) > 0 for all A € R,

¢ € C°, and (0) = 1. Then,
YxdN(\) < AN = [N(\) = N x9()\)| < CAN,
where C' is independent of A, \. We apply it twice, first in the region /p(¢) > OX! and
second in the complementary region. B
In the first region, we let N.((\) = Pr(¢,¢). It is clear that for \/p = 7, N;((A) is a

monotone non-decreasing function of A of polynomial growth which VS&EXJI@I]E]% A <0. For
1 € S positive, even and with ¢ € C§°(R) and ¢(0) = 1, we have by (I7. a

(7.4) Y xdN (N <C (i> N ,

T

where C' is independent of (, A. It follows by the Fourier Tauberian theorem that

n—1

N = N o 40 (2)

-
) _ [EXPANSIONCa
Further, by integrating (I7.3) from 0 to A we have

Vo = (2) 7 (= row).
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proving (1).

To obtain uniform asymptotj 5 POKfEdOWH to 7 = 0, we use instead the analytic continuation
of the Hormander parametrix (ﬁ‘g)—We choose local coordinates near x and write exp, ! (y) =
U(z,y) in these local coordinates for y near x, and write the integral T;M as an integral
over R™ in these coordinates. The holomo,g%]aﬁ nsion of the parametrix to the Grauert
tube |(| < T at time ¢ + 2i7 has the form (4.7) i% QE), ie.

:ICXPARAUNEC (7.5) Uc(t + 2i7,¢,C) :/ e(it—27)|§|gy6i<§,‘I’(C:E)>A<t7Ca ¢, &)de.

Again, we use a cutoff function » € S(R) with Ve Cg° supported in sufficiently small
neighborhood of 0 so that no other singularities of E(t + 2i7,(, () lie in its support and so

that 1/3 = 1 in a smaller neighborhood of 0. We write the integral in polar coordinates and
obtain

CXPARAONEd | (7.6)

[ 0(t)e=NUe(t + 2i7, ¢, C)dt

—\m fooo quﬁ(t)e—z‘)\t fsn_l 6(it—2r))\r€z‘r)\(w,\11(g,§)>A<t, ¢, 6’ )\rw)r”_ldrdw.
We then apply complex stationary phase to the drdt integral, regarding

/ 6ir)\(w,‘1/(C,€T)>A(t’ ¢, ¢ rw)r™ dw
Sn 1

as the amplitude. When ,/p(¢) < % the exponent is bounded in A and the integral defines
a symbol. Applying stationary phase again to the dtdf integral now gives

EXPANSIONC| (7.7) Z¢ (A= X)e 2™ 0%(() Z/\” =k 0k(C, ),

where wy (¢, () is smooth down to the zero section.
We apply the Fourier Tauberian theorem again, but this time with the estimates

Y x dN,c(A) < CX"H
where C' is independent of (. We conclude that
Nrc(A) = CX" + O\,
proving (2).

Corollary 7.1. For all ¢ € Mc, and with T = /p((),
ntl T ~ n
A2 < Ppy(G Q) < OA™
PWa
2. Proof of Corollary 6.6.
Proof. For the upper bound, we use that

sup @5 (Q)]> < sup I, (¢, Q)| < sup VPP, (Q)].
CeOM, cedM; cedM,

PW EASY PTAULWL
The upper bound stated in Corollary %‘g then follows from Corollary [7.T to Theorem 6.5.
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' &
For the lower bound in (2) of Corollary 6.6, we use that
||90(jCHL2(8MT) = 2 (U (iT)*U (i7) 5, ©) L2(M)-

PSIDOstuff
By Lemma %.3, fsﬁeuoperator U(iT)*U(iT) is an elliptic pseudodifferential operator of order
p=—"5% (orso). Let C > 0 be a lower bound for its symbol times (§)*. Then by Garding’s
inequality,

UGr) U@T)es, 0502y 2 CAGF,

and so
C —H 2T
(78) ||g0] ||L2(8MT) Z C)\] e T,
0J
8. COMPLEX NODAL SETS AND SEQUENCES OF LOGARITHMS
ERGCXZ
In Theorem 77 we regard the zero set [Z¢| as a current of integration, i.e. as a linear

functional on (m — 1, m — 1) forms ¢

<[Zsaj]a ¢> = w
Zo,
H
Recall that a current is a linear functional (distribution) on smooth forms. We refer to o
for background. On a complex manifold one has (p, ¢) forms with p dz; and ¢ dz;’s. In (177
we use the Kahler hypersurface volume form w;”*1 (where w, = id0p) to make Z,, into a
measure:

(Ze) 5= [ st (7 econ).

1. Poincaré-Lelong formula. One of the two key reasons for the gain in simplicity is
that there exists a simple analytical formula for the delta-function on the nodal set. The
Poincaré-Lelong formula gives an exact formula for the delta-function on the zero set of ¢;

@

(8.1) L 9910g [ (=) = ]
27T J

Thus, if ¢ is an (n — 1,n — 1) form,

1 _
2/1——/ Y N i00log |%(2) ]2
=5 ], 5 (2)

2. Sequences of pluri-subharmonic functions and a weak* limit problem for
1 log ||, We next consider logarithms of Husimi functions, which are PSH = (pluri-
subharmonic) functions on M.. A function f on a domain in a complex manifold is PSH if
i00f is a positive (1,1) current. That is, i00f is a singular form of type Zﬁ agdz' N dz*
with (a;z) postive definte Hermitian. If f is a local h gnﬁgéphic function, then log|f(z)| is
PSH and i001log |f(z)| = [Zf]. General references are !GF], HoC].
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A sequence of (1,1) currents Ej, converges weak* to a current F if (Ey, 1) — (E, ) for
all smooth (m — 1,m — 1) forms. Thus, for all f

[Z%.] — 265\/5 <“— / fwm—l N Z/ f@g\/ﬁ/\wm_l’m_l.
ZLP]' M.

3. Pluri-subharmonic functions and compactness. In the real domain, we have em-
phasized the problem of finding quantum limits (or microlocal defect measu ffﬁgIMThe same
problem exists in the complex domain for the sequence of Husimi functions (II.2). However,
there also exists a new problem involving the sequence of normalized logarithms

1 C 9]
(8.2) {u; = )\_] log |‘Pj (Z)|2}j:1'

A key fact is that this sequence is pre-compact in LP(M.) for all p < oo and even that

(83) (L VIog o))

J
is pre-compact in L'(M,).

Lemma 8.1. (Hartog’s Lemma; (see Fﬁ%l, Theorem 4.1.9]): Let {v;} be a sequence of sub-
harmonic functions in an open set X C R™ which have a uniform upper bound on any
compact set. Then either v; — —oo uniformly on every compact set, or else there exists a
subsequence v;, which is convergent to some u € L}, .(X). Further, limsup, u,(z) < u(z)

with equality almost everywhere. For every compact subset K C X and every continuous
function f,

lim sup sup(u, — f) < sup(u — f).
K

n— 00 K

In particular, if f > w and € > 0, then u, < f 4+ ¢ on K for n large enough.

4. A general weak* limit problem for logarithms of Husimi functions. The study
of exponential growth rates gives rise to a new kind new weak™ limit problem for complexified
eigenfunctions.

Problem 8.2. Find the weak* (in fact, L') limits G on M. of sequences

1 C
rlog |g0jk(z)|2 —d.
Jk
%LSD[LOGLIME BROWEAK ‘ ,

See Theorems 77177 and 177 for the solution to this problem (modulo sparse subsequences)
in the ergodic case.

Here is a general Heuristic principle to pin down the possible G: If ﬁ log ]gpﬁ (2)]? = G(2)

k

then

|05 (2)]? = eM93)(1 + SOMETHING SMALLER ) (\; — 00).

But Ac|e§ (2)]* = A2 &} (2)[?, so we should have
Conjecture 8.3. Any limit G as above solves the Hamilton-Jacobi equation,
(VeG)? = 1.
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C )2
(Note: The weak* limits of ‘ il dp. must be supported in {G = Guax} (i.e. in the

|‘P§':||L2(BMS)
set of maximum values).

5. Real zeros and complex analysis. A natural but rather intractable problem to obtain
the distribution of real zeros from knowledge of the complex nodal distribution. There exist
few if any general results on this problem. In the next section we explain how to get upper
bounds on real zeros using complex zeros.

It is possible to obtain results on complex zeros which are within A=! of the real domain
by re-scalng the nodal set by a factor of A=! in M,. But we cannot distinguish such ‘almost
real zeros’ from real zeros.

It would be interesting to understand (at least in real dimension 2) how the complex nodal
set ‘sprouts’ from the real nodal set. How do the connected components of the real nodal
set fit together in the complex nodal set?

9. PROOF OF THE DONNELLY-FEFFERMAN UPPER BOUND

NODALBOUND

To prove Theorem me Crofton’s formula and a multi-dimensional Jensen’s for-
mula to give an upper bound for H" 2(N,) in terms of the integral geometry of N¥. The
integral geqmetric approa%o the upper bound is inspired by the classic paper of Donnelly-
Fefferman [DG] (see also [Lin]). But, instead of doubling estimates or frequency function
estimates, we use the Poisson wave kernel to obtain growth estimates on eigenfunctions, and
then use results on pluri-subharmonic functions rather than functions of one compley, yari-
able to relate growth of zeros to growth of eigenfunctions. This approach was used in)%ZEW]
to prove equidistribution theorems for complex nodal sets when the geodesic flow is ergodic.
The Poisson wave kernel approach works for Steklov eigenfunctions as well as Laplace eigen-
functions, and in fact for eigenfunctions of any positive elliptic analytic pseudo-differential
operator. EFOR
We bﬁ%ﬁme the Poisson wave group (&FI'S!% to analytically continue eigenfunctions in the

form (
(9.1) Uc(im)y;(¢) = e ™7 (C).
UAC
We then use (b_f) to determine the growth properties of %C(C) in Grauert tubes of the
complexification of 9€2. The relevant notion of Grauert tube is the standard Grauert tube

for 0X) with the metric gsgn induced by the ambient metric ¢ on M. This is because the
principal symbol of A is the same as the principal symbol of v/Agq.

INODALBOUND F
1. Proof of Theorm 1.1. We start with the integral geometric approach of FDF] (Lemma
6.3) (see also [Lin] (3.21)). There exists a “Crofton formula” in the real domain which bounds
the local nodal hypersurface volume above,

(9.2) H™ (N, NU) < Cy /C #{N,, N L}du(l).

Thus, H™ (N, NU) is bounded above by a constant C}, times the average over all line
segments of length L in a local coordinate patch U of the number of intersection points of
the line with the nodal hypersurface. The measure dyuy, is known as the ‘kinematic measure’
in the Euclidean setting [F] (Chapter 3); see also Theorem 5.5 of [AP]. We will be using
geodesic segments of fixed length L rather than line segments, and parametrize them by
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S*M x [0, L], i.e. by their intial data and time. Then dpu, is essentially Liouville measure
dur on S*M times dt.

The complexification of a real line £ = x + Rv with z,v € R™ is {¢ = x + Cv. Since the
number of intersection points (or zeros) only increases if we count complex intersections, we
have

(9.3) / 4N, N Odu(l) / HNE N e)dp(0).

Note that this complexification is quite different from using intersections with all complex
lines to measure complex nodal volumes. If we did that, we would obtain a similar upper
bound on the complex hypersurface volume of the complex nodal set. But it would not give
an upper bound on the real nodal volume and indeed Wou%w complex volume tends to
zero as one shrinks the Gra@g&%gadius to zero, while (9.3) stays bounded below.

Hence to prove Theorem .1 1t suffices to show

Lemma 9.1. We have,
P NG) < O [ #NG)E N )du®) < O
c

We now sketch the proofs of these results using a somewhat novel approach to the integral
geometry and complex analysis.

2. Background on giarfaces and geodesics. The proof of the Crofton formula
given below in Lemma bml%s the geometry of geodesics and hypersurfaces. To prepare
for it we provide the relevant background.

As above, we denote by dpuy the Liouville measure on S*M. We also denote by w the
standard symplectic form on T*M and by « the canonical one form. Then du;, = w" ! A«
on S*M. Indeed, dyy, is characterized by the formula duj, A dH = w™, where H(x,§) = [€|,.
So it suffices to verify that a A dH = w on S*M. We take the interior product tz,, with
the Hamilton Vector ﬁeld =g on both sides, and the identity follows from the fact that

a(En) =), ¢;98 og, = H = =1 on S*M, since H is homogeneous of degree one. Henceforth we
denote by = = =g the generator of the geodesic flow.

Let N C M be a smooth hypersurface in a Riemannian manifold (M,g). We denote
by T M the of covectors with footpoint on N and S3 M the unit covectors along N. We
introduce Fermi normal coordinates (s,y,) along N, where s are coordinates on N and y,
is the normal coordinate, so that y,, = 0 is a local defining function for N. We also let
0,&, be the dual symplectic Darboux coordinates. Thus the canonical symplectic form is
wrspyy = ds Ado + dyy, N déy,. Let m: T*M — M be the natural projection. For notational
simplicity we denote 7*y,, by y,, as functions on T*M. Then y,, is a defining function of
TXM.

The hypersurface Sy M C S*M is a kind of Poincaré section or symplectic transversal to
the orbits of G', i.e. is a symplectic transversal away from the (at most codimension one)
set of (y,n) € SNM for which =, € T,,S5yM, where as above = is the generator of the
geodesic flow. More precisely,

Lemma 9.2. The restriction w|sx a is symplectic on Sy M\S*N
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Indeed, w|sy ar is symplectic on T, ,S*N as long as T, ,Sy M is transverse to =, ,, since
ker(w|g«pr) = RZ. But S*N is the set of points of SyM where = € TSy M, i.e. where
S% M fails to be transverse to G*. Indeed, transversality fails when =(y,,) = dy,(Z) = 0,
and kerdy,, Nkerdd = TSyM. One may also see it in Riemannian terms as follows:
the generator =,, is the horizontal lift 5" of 1 to (y,n) with respect to the Riemannian
connection on S*M, where we freely identify covectors and vectors by the metric. Lack of
transversality occurs when 7" is tangent to Ty (SN M). The latter is the kernel of dy,. But
Ay (") = dym(n) = 0 if a dgply if n € T'N.

It follows from Lemma %TZThat the symplectic volume form of S§M\S*N is w"!
The following Lemma gives a useful alternative formula:

S5 M-

Lemma 9.3. Define

dppn = t=dpr sy,

where as above, dyuy, s Liouville measure on S*M. Then

m—1
d,UL,N =w St M-

Indeed, du; = w™ ' Ao, and t=dpy, = w™ L

Corollary 9.4. H" '(N) = & [o. ), ™.
m JON

3. Hausdorff measure and Crofton formula for real geodesic arcs. First we sketch
a proof of the integral geometry estimate using geodesic arcs rather than local coordinate
ine sggments. For background on integral geometry and Crofton type formulae we refer to
%F’ AP2]. As explained there, a Crofton formula arises from a double fibration

where I parametrizes a family of submanifolds B, of B. The points b € B then parametrize
a family of submanifolds I', = {y € I' : b € B,} and the top space is the incidence relation
in B x I' that b € B,

We would like to define I' as the space of geodesics of (M, g), i.e. the space of orbits of
the geodesic flow on S* M. Heuristically, the space of geodesics is the quotient space S*M /R
where R acts by the geodesic flow G* (i.e. the Hamiltonian flow of H). Of course, for a
general (i.e. non-Zoll) (M, g) the ‘space of geodesics’ is not a Hausdorff space and so we do
not have a simple analogue of the space of lines in R". Instead we consider the space G of
geodesic arcs of length T'. If we only use partial orbits of length T, no two partial orbits are
equivalent and the space of geodesic arcs ’yg ¢ of length 7" is simply parametrized by S*M.
Hence we let B = S*M and also Gy ~ S*M. The fact that different arcs of length T of the
same geodesic are distinguished leads to some redundancy.

In the following, let L; denote the length of the shortest closed geodesic of (M, g).
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Proposition 9.5. Let N C M be any smooth hypersurface', and let Sy M denote the unit
covers to M with footpoint on N. Then for 0 <T < Ly,

1
N BT S*M
where By, is 2(m — 1)! times the volume of the unit ball in R™2.
Proof. By Corollary E%, the Hausdorff measure of N is given by
(9.4) H"H(N) = 5%” fS]*VM w1
We use the Lagrange (or more accurately, Legendre) immersion,
LS M xR — S*M x S*M, (z,w,t) = (v,w, G (z,w)),

where as above, G is the geodesic flow. We also let m# : T*M — M be the standard
projection. We restrict ¢ to S*M x [T, T] and define the incidence relation

Ir ={((y:m), (x,w),t) C S"M x S"M x [-T,T] : (y,n) = G'(z,w)},
which is isomorphic to [=T, 7] x S*M under . We form the diagram
Ir ~ S*M x [~T,T]

H™H(N) #{t e [-T,T): G'(z,w) € SyM}dur(z,w),

T N

S*M ~ Grp S*M,
using the two natural projections, which in the local parametrization take the form
Wl(t7x7€) :Gt(x7§)7 7T2(t7x7£) = (%,f)

As noted above, the bottom left S*M should be thought of as the space of geodesic arcs.
The fiber

T (y,n) = {(t,2,€) € [T, T] x S*M : G'(2,€) = (y,n)} =7,

may be identified with the geodesic segment through (y,n) and the fiber 7, ! (z,w) ~ [T, T].
We ‘restrict’ the diagram above to Sy M:

Ip ~ SyM x [-T,T]
(9.5) T N\ T2

(SyM)r SNM,
where

(SyM)p = mmy ' (SyM) = | ] G'(SyM).

[t|<T
DIAG
We define the Crofton density ¢7 on Si M corresponding to the diagram (9. ] (section
4) by
(9.6) pr = (ma)smidpr.

IThe same formula is true if N has a singular set ¥ with H™ 2(2) < oo
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Since the fibers of my are 1-dimensional, ¢r is a differential form of dimension 2dim M — 2
on S*M. To make it smoother, we can introduce a smooth cutoff y to (—1,1), equal to 1 on
(—3,3), and use x7(t) = x(%). Then 7} (dur ® xrdt) is a smooth density on Zy.
CROFDEN

Lemma 9.6. The Crofton density (bTG”)Tgiven by, pr = Tdur N
Proof. In (BTI% defined the map m : (y,m,t) € SyM x [=T,T] — G'(y, )& (5" M)e-
We first claim that mjduy, = dpp, v ® dt. This is essentially the same as Lemma 9.3 Indeed,
dri(2) = Z, hence Lo T _[yL|ty (G wm = w™ g, 2

Combining Lemma E_G_Wlth gﬁ ) gives

(9.7) / o = / dyiy, = TBH™ (V).
M w5 NS5 M)

O

We then relate the integral on the left side to numbers of intersections of geodesic arcs
with N. The relation is given by the co-area formula: if f : X — Y is a smooth map of
manifolds of the same dimension and if @ is a smooth density on Y, and if #{f ' (y)} < oo
for every regular value y, then

/X 1o = /Y #{f

If we set set X = m, /(S M), Y = S*M, and f = ﬂ1|ﬂ;1(37VM) then the co-area formula
gives,

(9.8) / mdu = #{t e [-T,T): G'(z,w) € SyM}dur(z,w).
(S* M) S*M

HDPHIT ICOAREA CROFTONEST
Combining (9.7) and (9.8) gives the result stated in Proposition b D,

(9.9) TBuH™ 1 (N) = - #{t € [-T,T): G'(x,w) € SN\M}dur(z,w).

4. Proof of Lemma Fi The next step is to complexify.
Proof. We complexify the Lagrange immersion ¢ from a line (segment) to a strip in C: Define
F:S.xS"M— Mg, F(t+ir,xz,v)=exp,(t+ir)v, (7| <¢)
By definition of the Grauert tube, ¢ is surjective onto M,. For each (z,v) € S*M
F,,(t+i1) = exp,(t +it)v

is a holomorphic strip. Here, S. = {t+i7 € C : |[7| < e¢}. We also denote by S, = {t+ir €
C:|r| <e,|t| <L}
Since F, , is a holomorphic strip,

* 1 c 1 c . 1 2 :
Fx,v(xdd IOg |¢;C‘2) = det-‘rifr log |Q/J;C|2(8pr(t + ZT)U) = X 5t+i7"
t+i7’:¢§;(expz(t+i’r)v):0
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Put:
1 c C2 1 c Ci2 .
(910)  Apo(yddlog ufP) = dd,., Yog [0S 2(exp, (t + i7)0)dus (z, ).
*M S€7L

F . Li
A key observation of [DF ,ml in] is that
(9'11) #{Nf\: N Fﬂc,v(S&L)} = #{NAR n Fx,v(SoyL)}a CROFTONEST
since every real zero is a complex zero. It follows then from Proposition b.5 (with N = N,)

that
-AL,a(%ddc log W;CP) = % fs*M 7‘%{/\/’/(\C N Fxm(Sa,L)}dﬂ(xa v)

> %Hmil (N¢A)'

Hence to obtain an upper bound on %Hmfl (Ny,) it suffices to prove that there exists M < oo
so that

1
(9.12) Apo(5ddlog [U5P) < M.

acalest . . . L
To prove (9.12), we observe that since ddy, ;. log [¢5|*(exp, (t+i7)v) is a positive (1,1) form

on the strip, the integral over S. is only increased if we integrate against a positive smooth
test function x. € C2°(C) which equals one on S, ;, and vanishes off Sy ;. Integrating by
parts the dd® onto ., we have

AL,E(iddc log ’wﬂz) < % fs*M f(c ddi ;. log W}CP(@XMU +iT)v) X (t +iT)dp(z,v)

= % fs*M fc log |¢;-C|2(expx(t +iT)v)dds . x(t +iT)dpr(x,v).
Now write log|z| = log, || — log_|z|. Here log, |¥| = max{0,log|z|} and log z| =
max{0, — log|z|}. Then we need upper bounds for

1 . . .
3 o S e ¢+ i) et + i) (o 0)
S*M JC

For log, the upper bound is an immediate consequence of Proposition E}JB. For log_ the
bound is subtler: we need to show that |¢,(z)| cannot be too small on too large a set. As
we know from Gaussian beams, it is possible that |py(z)] < Ce™* on sets of almost full
measure in t%g%eal domain; we need to show that nothing worse can happen.

The map (2.3) is a diffeomorphism and since BXM = |J., .. StM we also have that

E:S.pxS"™M — M,, E(t+ir,z,v)=exp,(t+iT)v

is a diffeomorphism for each fixed t. Hence by letting ¢ vary, E is a smooth fibration with
fibers given by geodesic arcs. Over a point ¢ € M, the fiber of the map is a geodesic arc

{(t+ir,z,v) s exp,(t+iT)v=C(, 7T=+/p(()}.
Pushing forward the measure ddy, ;. x-(t + i7)dpr(z,v) under E gives a positive measure dpu
on M,.. We claim that

(9.13) poi= B, ddi , x.(t +it)dpp(x,v) = (/ At+iTXad3> dv,,,
Y

U

where dV,, is the Kéhler volume form ‘%
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In fact, duy, is equivalent under E to the contact volume form a A wzl_l where o = d°,/p.
Hence the claim amounts to saying that the Kahler volume form is dr times the contact
volume form. In particular it is a smooth (and of course signed) multiple J of the Kéhler
volume form dV,,, and we do not need to know the coefficient function J beyond that it is
bounded above and below by constants independent of A. We then have

(9.14) / / log [9 2 (expy (¢ 4 i7)0)dd 10 Xo (t + i7)dpiz () = / log [¢S[2.7dV:
*M JC

T

lest
To complete the proof of (ba?aIZei %t suffices to prove that the right side is > —C\ for some
¢>0. HARTOGS, o ,
jye use the well-known Lemma %.I. ['his Lemma implies the desired lower bound on
(b._fél): there exists C' > 0 so that

1

(9.15) X/ log 1| JdV > —C.

. . . 1
For if not, there Pe‘;asts a subsequence of eigenvalues A;, so that b Il M, 108 |¢/\jk |JdV — —o0.
By Proposition hTB, {Ai log |1/1,\].k |} has a uniform upper bound. Moreover the sequence does
Ik

not tend uniformly to —oo since |[1)|[r2(ary = 1. It follows that a further su SEaERCe tends
in L' to a limit v and by the dominated convergence theorem the limit of (9. g the
sequence equals [ v, uJdV # —oo. This contradiction concludes the proof of (9.15), hence

.12], and thus the theorem.
O
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